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We present and analyze a new set of Ward Identities which shed light on the distinction between
different patterns of chiral symmetry restoration in QCD, namely O(4) vs O(4) × U(1)A. The
degeneracy of chiral partners for all scalar and pseudoscalar meson nonet members are studied
through their corresponding correlators. Around chiral symmetry degeneration of O(4) partners, our
analysis predicts that U(1)A partners are also degenerated. Our analysis also leads to I = 1/2 scalar-
pseudoscalar partner degeneration at exact chiral restoration and supports ideal mixing between the
η-η′ and the f0(500)-f0(980) mesons at O(4) × U(1)A restoration, with a possible range where the
pseudoscalar mixing vanishes if the two transitions are well separated. We test our results with
lattice data and provide further relevant observables regarding chiral and U(1)A restoration for
future lattice and model analyses.
PACS numbers: 11.30.Rd, 11.10.Wx, 25.75.Nq. 12.38.Gc.
I. INTRODUCTION
Chiral symmetry restoration is a prominent feature of the QCD phase diagram, realized in lattice simulations and
presumably in matter formed after a Heavy Ion Collision. For vanishing baryon density and two massless flavors,
a chiral restoring phase transition takes place with vanishing quark condensate and divergent scalar susceptibility,
corresponding to SU(2)L × SU(2)R ∼ O(4) restoration [1, 2]. For Nf = 2 + 1 flavors and physical quark masses,
mu = md = mˆ  ms, a crossover is expected at a transition temperature Tc ∼ 155 MeV [3–5], signaled by the
inflection point of the light quark condensate 〈q¯q〉l and the peak of the scalar susceptibility. In addition, as we
will detail below, another signal of chiral restoration would be the degeneration of chiral partners albeit, due to the
crossover nature of the transition, different chiral restoring observables may lead to different transition temperatures.
In the mˆ/ms → 0+ limit (light chiral limit) all chiral restoration effects are enhanced, i.e, the quark condensate
decreases, the scalar susceptibility peak increases [6] and the degeneration of chiral partners becomes more noticeable,
with transition temperatures approaching the same value. In this work, we will use the symbol
O(4)∼ to mean equivalence
under the O(4) chiral group, which formally holds in the ideal regime of exact chiral restoration.
In addition, the anomalous axial U(1)A symmetry can be asymptotically restored, driven by the vanishing of the
instanton density [7]. An ongoing debate is then whether U(1)A is restored at the chiral transition. If so, the
restoration pattern would be O(4) × U(1)A instead of O(4) for two massless flavors and the order of the transition
would change from second to first order [1, 8]. The restoration of U(1)A also affects the chiral transition order for
three flavors [9], as well as the behavior near the critical end point at finite temperature and baryon density [10]. It is
important to emphasize that, unlike chiral restoration, which corresponds to a spontaneous symmetry breaking, the
U(1)A is restored only asymptotically. Nevertheless, as we will discuss below, there are also U(1)A partners which
become approximately degenerated above a certain temperature region. In that particular sense, we will use the
symbol
U(1)A∼ to denote equivalence in such U(1)A restoration regime.
The implications for the hadron spectrum are crucial. The restoration of a global symmetry implies a degeneracy
in the spectrum of particles, which is customarily studied through the behavior of their correlation functions. These
correlators are meant to be very sensitive to the transition from the ordered to the disordered state. The hadronic
states becoming degenerate at chiral restoration are usually known as chiral partners. In more detail, the pion
is expected to degenerate with the σ/f0(500) meson within a O(4) pattern, whereas the restoration of the U(1)A
symmetry would also degenerate the pion and the a0(980), i.e. the member of the scalar nonet with the same pion
quantum numbers but an opposite parity. It is also natural to investigate the fate of the rest of the members of the
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2scalar and pseudoscalar nonet, i.e the κ/K0(800) versus the kaon for I = 1/2, and the f0(980)− f0(500) pair versus
the η − η′ for I = 0, which has not been done before in the present context. Note that the breaking of Lorentz
covariance in the thermal bath must be taken into account when defining the spectral properties of those hadrons
through their correlation functions [11].
Moreover, if chiral and U(1)A restoration happen to be close, a proper description of light meson phenomenology at
finite temperature will require the inclusion of the η′ as the ninth Goldstone boson, as in the large-Nc framework [12].
In fact, there is experimental evidence of the reduction of the η′ mass in the hot medium [13], pointing out to U(1)A
restoration. This should result in an increase of the η′ production cross section, which might be observed in dilepton
and diphoton experiments at finite temperature [14]. The reduction of the η′ mass in the nuclear medium and its
connection with chiral symmetry restoration has been also analyzed in [15].
The idea that U(1)A partners can degenerate in an ideal chiral restoring scenario was suggested in [16] and corrob-
orated in [17] through an analysis of spectral properties of the QCD quark propagator. Nevertheless, in the real world
with massive quarks, nontrivial gauge configurations make in general a nonzero U(1)A breaking to be present [18],
even though U(1)A partners could be approximately degenerate. Later effective models and renormalization-group
approaches to this problem can be found in [8–10, 19–23].
Chiral partners and patterns have also been recently examined by different lattice collaborations. Nevertheless,
there is currently no consensus on the restoration scenario. On the one hand, a O(4) pattern has been proposed
in [5], with nonzero quark masses and Nf = 2 + 1. Namely, in that work pi − a0 and other U(1)A symmetry partners
degenerate asymptotically but their difference is still sizable near the point where pi − σ degeneracy occurs. On the
other hand, a O(4) × U(1)A pattern for Nf = 2 has been suggested in [24–26] near the chiral limit and in [27] for
the massive case, the latter through the analysis of screening masses. Parity degeneracy in the baryon sector has also
been studied in [28]. In this context, it is important to mention that lattice measurements involving U(1)A-related
correlators require great care, due to the sampling of the different topological sectors [29, 30].
Our aim in this work is to provide new results to shed light on chiral patterns and partner degeneracy. For that
sake, we will rely on Ward Identities (WI) derived formally in QCD with Nf = 2 + 1 flavors. Since, by definition,
the WI construction is model-independent, our results could be tested in lattice and model analyses. In addition, the
relation between different WI will help to understand the current controversy about the symmetry breaking pattern.
This paper is organized as follows. In section II the relevant WI are derived, while their various consequences for
chiral and U(1)A restoration of the full meson nonet are analyzed in detail in section III. Our main conclusions are
summarized in section IV.
II. WARD IDENTITIES
We will start considering an infinitesimal vector and axial transformation on a quark field ψ′ = ψ + δψ,
δψ(x) = i
(
αaV (x)
λa
2
+ αaA(x)
λa
2
γ5
)
ψ(x),
with λa=1,...8 the SU(3) Gell-Mann matrices and λ0 =
√
2/31. As explained in [31], the QCD expectation value of
a pseudoscalar operator O in terms of the transformed fields leads to〈
δO(y)
δαaA(x)
〉
=−
〈
O(y)ψ¯(x)
{
λa
2
,M
}
γ5ψ(x)
〉
+ i
δa0√
6
〈O(y)A(x)〉 , (1)
〈
δO(y)
δαaV (x)
〉
=
〈
O(y)ψ¯(x)
[
λa
2
,M
]
ψ(x)
〉
, (2)
with A(x) = 3g
2
16pi2 TrcGµνG˜
µν the anomalous divergence of the U(1)A current and M = diag(mˆ, mˆ,ms) the quark
mass matrix. In the following, we denote as
pia = iψ¯lγ5τ
aψ, δa = ψ¯lτ
aψl, a = 1, 2, 3, (3)
with ψl the light quark doublet, the isotriplet I = 1 pseudoscalar (pion) and scalar (a0(980)) bilinears, with〈T pia(x)pib(0)〉 =δabPpipi(x), 〈T δa(x)δb(0)〉 =δabSδδ(x) a, b = 1, 2, 3, (4)
3their corresponding euclidean finite-T correlators. Likewise,
ηl = iψ¯lγ5ψl, σl = ψ¯lψl, (5)
ηs = is¯γ5s, σs = s¯s, (6)
denote the light- and strange-quark part of the isosinglet I = 0 bilinears, with correlators
Pll(x) = 〈T ηl(x)ηl(0)〉 , Sll(x) = 〈T σl(x)σl(0)〉 ,
Pls(x) = 〈T ηl(x)ηs(0)〉 , Sls(x) = 〈T σl(x)σs(0)〉 , (7)
Pss(x) = 〈T ηs(x)ηs(0)〉 , Sss(x) = 〈T σs(x)σs(0)〉 .
Note that ηl and ηs mix to give the physical η and η
′, while the mixing of σl and σs generates the f0(500) and
f0(980) resonances. These mixings imply that the crossed ls correlators above are nonzero.
In the same way, the I = 1/2 pseudoscalar and scalar bilinears are defined as
Ka = iψ¯γ5λ
aψ, κa = ψ¯λaψ a = 4, . . . , 7, (8)
respectively, with correlators
〈TKa(x)Kb(0)〉 =δabPKK(x), 〈T κa(x)κb(0)〉 =δabSκκ(x) a, b = 4, . . . , 7. (9)
From the previous correlators, we will define as usual the associated scalar and pseudoscalar susceptibilities at finite
temperature T :
χY (T ) =
∫
T
dx〈T Y (x)Y (0)〉, (10)
with Y = P, S for the different channels discussed above, and
∫
T
dx ≡ ∫ 1/T
0
dτ
∫
d3~x. Susceptibilities correspond to
the p = 0 correlators in momentum space and for the particular cases Y = ψ¯lψl and Y = s¯s, subtracting
∫
T
dx〈Y 〉2,
one gets the mass derivative of the light- and strange-quark condensate, respectively [32].
Applying (1) to a single bilinear Oa = iψ¯γ5λaψ ≡ P a, one obtains WI relating quark condensates and pseudoscalar
susceptibilities [31]. In particular, for our present purposes let us take OP = pib, ηl, ηs,Kb, A in (1), which gives:
χpiP (T ) = −
〈q¯q〉l (T )
mˆ
, (11)
χllP (T ) = −
〈q¯q〉l (T )
mˆ
+
ms√
3mˆ(mˆ−ms)
χ8AP (T ), (12)
χssP (T ) = −
〈s¯s〉(T )
ms
+
mˆ
4
√
3ms(mˆ−ms)
χ8AP (T ), (13)
χKP (T ) = −
〈q¯q〉l (T ) + 2〈s¯s〉(T )
mˆ+ms
, (14)
χAAP = −3
√
3
mˆms
ms − mˆχ
8A
P , (15)
where χ8AP is the susceptibility of the correlator P8A =
〈T P 8(x)A(0)〉. Recall that the basis of 8, 0 states for I = 0 is
related to the l, s state basis as:
P 8 =
1√
3
(ηl − ηs) , S8 = 1√
3
(σl − σs) , (16)
P 0 =
√
2
3
(ηl + ηs) , S
0 =
√
2
3
(σl + σs) . (17)
An additional identity for the correlator Pls in (7) can be obtained noting from (16)-(17) that
Pls =
1
3
(
−P88 + P00 − 1√
2
P08
)
. (18)
4Thus, using the WI for χ88, χ00 and χ08 in [31], as well as (11) and (12), we arrive to
χlsP (T ) = −2
mˆ
ms
χ5,disc(T ) =
1
2
√
3
1
mˆ−msχ
8A
P (T ), (19)
where χ5,disc =
1
4
(
χpiP − χllP
)
is the parameter customarily used to measure O(4)×U(1)A restoration in the lattice [5].
Note that pi− σ and σ− ηl degeneration for O(4) and U(1)A restoration, respectively, implies the vanishing of χ5,disc
at the O(4) × U(1)A transition (see section III for details). In addition, χ5,disc is proportional to the topological
susceptibility, as we will discuss in detail in section III A. The relations (19) would be testable in lattice and as we
will see in section III B, play an important role regarding chiral pattern restoration.
Let us now consider the generic identity (2), which becomes non trivial only in the I = 1/2 channel. Thus, taking
Ob = κb, the only surviving term in the l.h.s of (2) corresponds to combinations δOb(y)/δαaV (x) = δ(x−y)fab8S8 with
a, b = 4, . . . , 7 and fabc the SU(3) antisymmetric structure constants. The l.h.s of (2) becomes then a combination of
the light and strange quark condensates, while the r.h.s. gives rise to the scalar susceptibility χκS . Since f458 = f678 =√
3/2, we finally obtain:
χκS(T ) =
〈q¯q〉l (T )− 2〈s¯s〉(T )
ms − mˆ . (20)
Combining this new identity with the kaon WI in (14) gives
χκS(T )− χKP (T ) =
2
m2s − mˆ2
[ms 〈q¯q〉l (T )− 2mˆ〈s¯s〉(T )] , (21)
which establishes a relation for K-κ degeneracy to be analyzed in section III C.
We can obtain new additional WI by considering in (1) a two-point function Oab = P aSb, with P a and Sb generic
pseudoscalar and scalar bilinears connected by SU(2)A transformations, e.g. P
a = pia, Sb = σ and so on. Expressing
the results in the basis of l, s correlators through (16)-(17) we get
Ppipi(y)− Sll(y) = mˆ
∫
T
dx 〈T σl(y)pi(x)pi(0)〉 , (22)
Pll(y)− Sδδ(y) = mˆ
∫
T
dx 〈T δ(y)pi(x)ηl(0)〉 , (23)
Pls(y) =
1
3
mˆ
∫
T
dx 〈T ηs(y)pi(x)δ(0)〉 , (24)
Sls(y) = −1
3
mˆ
∫
T
dx 〈T σs(y)pi(x)pi(0)〉 , (25)
dabc [PKK(y)− Sκκ(y)] = mˆ
∫
T
dx
〈TKb(y)κc(x)pia(0)〉 , (26)
with dabc the symmetric SU(3) coefficients, a = 1, 2, 3 and b, c = 4, . . . , 7. These equations parameterize the degeneracy
of SU(2)A chiral partners in terms of three-point functions; the latter encode the physical vertices responsible for the
breaking of such a degeneracy. Furthermore, if P a and Sb are bilinears linked now through a U(1)A transformation,
equation (1) gives rise to
Ppipi(y)− Sδδ(y) =
∫
T
dx 〈T pi(y)δ(0)η˜(x)〉 , (27)
Pll(y)− Sll(y) =
∫
T
dx 〈T ηl(y)σl(0)η˜(x)〉 , (28)
Pls(y)− Sls(y) =
∫
T
dx 〈T ηl(y)σs(0)η˜(x)〉 , (29)
Pss(y)− Sss(y) =
∫
T
dx 〈T ηs(y)σs(0)η˜(x)〉 , (30)
PKK(y)− Sκκ(y) =
∫
T
dx 〈TK(y)κ(0)η˜(x)〉 , (31)
5where η˜(x) = mˆηl(x) + msηs(x) +
1
2A(x). The above equations include now explicit ms and anomalous (A) terms
responsible for U(1)A breaking. The possible implications of identities (22)-(31) regarding O(4) and U(1)A restoration,
as well as their connection with meson scattering processes, are discussed in section III E.
All the identities in this section have been formally derived from the QCD generating functional. Hence, up to
renormalization ambiguities related to the fields and vertices involved [33, 34], they should be respected by any model
or lattice calculation. In fact, the one-point WI relating quark condensates and pseudoscalar susceptibilities have
been verified recently in the hadronic sector through Chiral Perturbation Theory (ChPT) [31] and the identities (11)
and (13) have been tested in the lattice [5].
In addition, these WI should be valid irregardless of the regime of symmetry restoration. In the next section, we
will exploit that feature by considering symmetry transformations of the different correlators and show that this leads
to rather strong conditions on O(4) and U(1)A partner degeneration. In this way, the results derived in this work
only make use of symmetry arguments and hence are valid independently of the representation used.
III. CONSEQUENCES FOR CHIRAL SYMMETRY RESTORATION
In this section, we will analyze the consequences of the WI derived in section II regarding the behavior of chiral
patterns and partners. First, let us briefly review how the different bilinears in the I = 0, 1 sectors and their correlators
are connected through infinitesimal O(4) and U(1)A transformations. Similar transformations for the I = 1/2 sector
will be discussed below.
On the one hand, SU(2)A transformations mix pi − σl and δ − ηl states, namely,
δpia(y)/δαbA(x) = −δabδ(x− y)σl(x), δσl(y)/δαbA(x) = δ(x− y)pib(x)
δδa(y)/δαbA(x) = δabδ(x− y)ηl(x), δηl(y)/δαbA(x) = −δ(x− y)δb(x). (32)
with a, b = 1, 2, 3.
Thus, if chiral symmetry is restored, one can rotate pi to σl and ηl to δ, so that their correlators become degenerate
in a O(4) restoration scenario. A specific transformation for such rotation is discussed below in section III A. On the
other hand, U(1)A rotations allow one to connect bilinears with the same isospin but opposite parity, namely pi − δ
and ηl − σl,
δpia(y)/δαA(x) = −δ(x− y)δa(x), δδa(y)/δαA(x) = δ(x− y)pia(x),
δσl(y)/δαA(x) = δ(x− y)ηl(x), δηl(y)/δαA(x) = −δ(x− y)σl(x), (33)
with αA =
√
2/3α0A, which would become degenerate U(1)A partners. As explained above, we define U(1)A restoration
as the regime where those partners are approximately degenerated. In summary, chiral partners in this sector are
related through
Ppipi
O(4)∼ Sll, Pll O(4)∼ Sδδ, (34)
Ppipi
U(1)A∼ Sδδ, Pll U(1)A∼ Sll, (35)
and so on for their corresponding susceptibilities.
The four partners in (34)-(35) would become degenerate within a O(4)×U(1)A pattern where χ5,disc ∼ 0. In turn, in
a full U(3) restoring scenario all members of the scalar/pseudoscalar nonets would become degenerate. Nevertheless,
the latter limit is meant to be reached at a much higher temperature than chiral restoration, as seen for instance in
the degeneration of screening masses [35]. The four correlators (34)-(35) have been actively investigated in lattice and
theoretical analyses to study partner degeneracy [5, 22–25, 27, 36, 37].
Next, we will explain in detail the main results of our present work, which arise as consequences of the previous
WI analysis.
A. I = 0, 1 sectors: O(4) vs U(1)A restoration
First of all, we will show how the analysis of the crossed ls correlators allows one to reach conclusions regarding chiral
and U(1)A restoration. Note that they are nonzero below the phase transition due to the η−η′ and f0(500)−f0(980)
6mixing. In fact, the mixing in the pseudoscalar sector is still present at the light chiral limit [38] and χ8AP is nonzero
at T = 0 when mˆ = 0 [31] (see our comments below).
However, the ls correlators should be exactly zero at O(4) restoration, i.e. in the regime where the O(4) chiral
partners in (34) degenerate. The reason is as follows: a general SU(2)A transformation acting on the ηl bilinear
ηl(x)→ iψ¯l(x)γ5eiγ5αaτaψl(x) = iψ¯l(x)γ5 cos(αaτa)ψl(x)− ψ¯l(x) sin(αaτa)ψl(x), (36)
with a = 1, 2, 3 can be written as a sum of P -odd (first) and P -even (second) contributions. Thus, it is possible to
choose an angle αa in (36) such that the P -odd part vanishes. For instance, chosing for any b = 1, 2, 3
αb = pi/2 and αa6=b = 0 (37)
we get
ηl(x)→ −ψ¯l(x)τ bψl(x) = −δb(x)⇒ Pls(x)→ −
〈T δb(x)ηs(0)〉 = 0, (38)
where we have used that ηs is invariant under SU(2)A transformations and the last correlator vanishes by parity.
Thus, since expectation values of transformed fields should equal the untransformed ones if the symmetry is exact, in
the regime where SU(2)A restoration is effective Pls → 0, Similarly, we obtain Sls → 0 as the system approaches the
chiral transition. Therefore, following our notation, we have showed that
Pls
O(4)∼ 0, Sls O(4)∼ 0. (39)
Note that this is actually the same argument that leads to 〈q¯q〉l = 0 for exact chiral restoration (〈q¯q〉l
O(4)∼ 0 in our
notation) since the transformations (37) rotate 〈q¯q〉l = 〈σl〉 →
〈
pib
〉
= 0 by parity. In this case, 〈q¯q〉l
O(4)∼ 0 relies on
σl − pi degeneration at chiral restoration, while (39) is a consequence of the δ − ηl one.
In the same way, considering a pure U(1)A transformation acting on the bilinears
ηl(x) → iψ¯l(x)γ5eiγ5αAψl(x) = cos(αA)ηl − sin(αA)σl,
ηs(x) → is¯(x)γ5eiγ5αAs(x) = cos(αA)ηs − sin(αA)σs (40)
and choosing as before αA = pi/2, we have Pls → Sls and Pss → Sss. Thus, at U(1)A restoration we obtain
Pls
U(1)A∼ Sls, Pss U(1)A∼ Sss, (41)
The additional chiral restoring conditions in (39) and (41) could be indeed tested in the lattice (see section III B).
Nevertheless, the main consequences of these results for the pattern of chiral restoration is highlighted when (39) is
used in connection with the WI (19). Since (39) implies χlsP
O(4)∼ 0 at chiral restoration, or more precisely for exact
degeneration of δ − ηl (36)-(38), the combination of (19) and (39) leads to the following conclusion:
χllP
O(4)∼ χδS ⇒ χlsP
O(4)∼ 0 ⇒ χ5,disc O(4)∼ 0. (42)
Therefore, our WI analysis supports U(1)A partner degeneration if O(4) partners exactly degenerate, which is
a central result of this work. More specifically, as mentioned above, χ5,disc is a suitable parameter to measure
O(4)×U(1)A restoration in terms of the pi− ηl partner degeneration, while the l.h.s. of (42) relies on the chiral O(4)
degeneration of δ − ηl partners. This point will be relevant for the analysis of lattice results in the crossover regime,
where not all O(4) partners need to degenerate at the same temperature.
Another argument that provides further support to our previous conclusion is connected with the topological
susceptibility, defined as the correlator of the anomaly operator 1
χtop(T ) ≡ − 1
36
χAAP (T ) = −
1
36
∫
T
dx〈T A(x)A(0)〉. (43)
1 The normalization factor (43) is chosen so that the definition of χtop coincides with [5]. Such factor comes from our normalization of
A(x) and our definition of Euclidean gauge fields, which follows [31].
7Since χtop is the correlator of the topological density, whose charge measures the difference between left-handed and
right-handed zero modes of the Dirac operator (Atiyah-Singer index theorem), it provides a direct measure of U(1)A
breaking. Although χtop is particularly difficult to measure in the lattice [5, 29, 30], its vanishing or asymptotic
reduction indicate U(1)A restoration, since the system becomes less sensitive to the P -breaking anomaly contribution
parametrized in the θ-term [39].
Here, we will make use once more of the WI derived in section II to reach specific conclusions about χtop. Thus,
combining (15) and (19) we obtain
χtop(T ) = mˆ
2χ5,disc(T ), (44)
which was also derived in [5] from the properties of the Dirac operator and is therefore a consistency check for the
WI derived here. In addition, from (44) and (19) we can conclude that
χlsP (T ) = −
2
mˆms
χtop(T ). (45)
Thus, using (42),
χllP
O(4)∼ χδS ⇒ χtop
O(4)∼ 0, (46)
i.e, the topological susceptibility should also vanish at the temperature regime where O(4) partners exactly degenerate.
The same conclusion about the vanishing of χtop for any temperature above chiral restoration has been reached in [39].
Note that the main argument in that work actually relies on the identity
χllP (T ) = −
〈q¯q〉l (T )
mˆ
− 4
mˆ2
χtop(T ), (47)
which is nothing but the combination of our identities (12) and (15), using (43). Therefore, our results here are fully
consistent with [39].
Let us remark that in the light chiral limit mˆ → 0+, neither mˆ χ5,disc nor χ8AP in (19) vanish at T = 0. In fact,
the latter vanishes at T = 0 only when the anomalous part of the η′ mass goes to zero for fixed mˆ [31] 2. Therefore,
we expect χ5,disc ∼ 1/mˆ and χtop ∼ mˆ away from Tc (the latter from (44)). This is supported also by [39], where
it is argued that χtop ∼ mˆ 〈q¯q〉l in the chiral limit, since 〈q¯q〉l is regular in that limit [2, 6]. Hence, the vanishing of
χ5,disc in (42) and χtop(T ) in (46) are genuine consequences of chiral restoration, which ideally would require mˆ→ 0+
and T → Tc. The key point is that for any value of the light quark mass mˆ, (19) and (45) connect the chiral O(4)
restoring observable χlsP , with U(1)A-restoring ones, χ5,disc and χtop.
B. I = 0, 1 sectors: connection with lattice results
Let us now comment on the connection of our previous analysis with lattice results. On the one hand, our main
result in section III A, i.e. U(1)A partner degeneration as a consequence of chiral restoration, is consistent with the
Nf = 2 lattice results near the chiral limit in [24, 25] and for physical pion masses in [27]. In particular, δ − ηl
degeneration is very effective at chiral restoration in the latter work, which according to (42) explains the U(1)A
pi − ηl degeneration that they find near chiral restoration. On the other hand, the Nf = 2 + 1 lattice analysis in [5]
supports U(1)A partners to degenerate at a higher temperature than O(4) ones.
Let us remark once more that our conclusions in (42) and (46) stand on O(4) degeneration, and hence they should
be more accurate near the light chiral limit and for two flavors. Physical masses and strange-quark effects may
distort numerically this picture. In addition, the numerical values for O(4) partner degeneration in [5] (Table IV in
that paper) show that the thermal evolution of the difference χllP − χδS , although with large errors, does not reduce
significantly around Tc. In fact, that difference remains sizable up to the region where the U(1)A is approximately
restored, i.e. where χpiP and χ
δ
S degenerate. Recall that ηl − δ degeneration is indeed the main assumption in our
previous argument. Thus, the absence of strange quark corrections in the Nf = 2 lattice analyses in [24, 25, 27] may
explain why they obtain a O(4)× U(1)A pattern, consistently with our conclusions (42) and (46).
From the previous considerations, it would be natural to expect in the real world a relation between χ5,disc and
typical chiral-restoring order parameters. Obviously, the most natural candidate is the light-quark condensate, and,
2 There is a missing multiplying M20 in the LO ChPT expression for χ
8A
P in eq.(A.3) in [31].
8consequently, one could assume that the temperature scaling of χ5,disc is dictated by some positive power of 〈q¯q〉l,
up to corrections in the light quark mass. As mentioned before, that scaling is also consistent with the behaviour
χtop ∼ mˆ 〈q¯q〉l found in [39] in the chiral limit, and the relation (44). To test this assumption, we compare in Fig. 1a
the T scaling of the lattice data in [5] for χ5,disc with the subtracted quark condensate
∆l,s(T ) = 〈q¯q〉l (T )− 2(mˆ/ms)〈s¯s〉(T ), (48)
which is customarily used as order parameter in lattice analyses to avoid finite-size divergences 〈q¯iqi〉 ∼ mi/a [5].
This plot shows that the χ5,disc scaling fits reasonably well between those for ∆l,s and ∆
1/2
l,s . The latter is motivated
by considering a simple realization of the quark bilinear pia in terms of a pion field p˜ia in a meson lagrangian, as far as
their expectation values are concerned, through a normalization constant pia = Npip˜i
a. Then, N2pi = −〈q¯q〉lG−1pi (0)/mˆ
from the WI (11) with Gpi(p) the pion propagator. Therefore, we would get such
√〈q¯q〉l scaling from (24) assuming
a smooth dependence of the pion self-energy, which does not show any critical behavior.
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FIG. 1: Different susceptibilities combinations from the lattice data in [5] for 323× 8 lattice size. (a): Comparison between the
scaling of χ5,disc and the subtracted quark condensate ∆l,s(T ;T0) = ∆l,s(T )/∆l,s(T0) with respect to the reference temperature
T0 = 139 MeV. (b): Scalar and Pseudo-scalar pure strange susceptibilities. (c): Susceptibility combination related to the
vanishing of the η−η′ mixing angle with mˆ/ms = 0.088 [5], where we also plot −χlsP according to (19). (d): Partner degeneracy
in the scenario where the two parameters in (c) remain small.
In addition, the vanishing of χ5,disc at O(4) × U(1)A restoration also implies the vanishing of χdiscS , i.e. the
disconnected part of the scalar susceptibility χllS since χ5,disc ∼ χdiscS in this limit [5]. Note that this is not in
contradiction with the expectation of a scalar susceptibility peak at the critical point in the light chiral limit, which
only applies to the total susceptibility [2, 6]. Consequently, its connected part χconS would also peak at O(4)×U(1)A
restoration. Actually, in the physical massive case, χconS = χ
δ
S/2 grows with T below the transition [5, 37, 40] and,
since χpiP decreases like 〈q¯q〉l [31], their degeneracy would give rise to a maximum for χδS near UA(1) restoration. A
hint of that behavior for χconS is seen at around T ∼ 190 MeV in the lattice [4]. This is indeed consistent with the
region of U(1)A restoration obtained by that collaboration, albeit in their more recent analysis [5] higher T data
points would be needed.
Finally the degeneracy conditions in (41) can be checked in the lattice using the data in [5] for the s¯s channel.
9The comparison is depicted in Fig. 1b and shows a clear sign of degeneracy around the asymptotic U(1)A restoration
regime in [5], confirming our present analysis.
C. I = 1/2 sector: K vs κ degeneration
Our analysis leads also to interesting consequences for the I = 1/2 sector. From the WI in (21), K-κ degeneration
at chiral restoration requires the light chiral condensate and the light quark mass both to vanish
〈q¯q〉l
O(4)∼ 0, mˆ→ 0⇒ χκS(T )
O(4)∼ χKP (T ). (49)
This chiral partner degeneration is also consistent with the choice of a SU(2)A rotation for the K and κ correlators.
Infinitesimally, one has
δKa(y)/δαbA(x) = −δ(x− y)dabcκc(x), δκa(y)/δαbA(x) = δ(x− y)dabcKc(x), (50)
with a, c = 4, . . . , 7 and b = 1, 2, 3.
Let us show now that one can indeed choose a chiral rotation that transforms PKK into a pure Sκκ correlator.
Taking one of the three SU(2)A angles αb 6= 0 with αa6=b = 0 (a, b = 1, 2, 3) allows one to write
eiγ5αaλ
a/2 = 1− 12 + cos(αb/2)12 + i sin(αb/2)γ5λb, (51)
where 12 = diag(1, 1, 0) =
√
3
3 (
√
2λ0 + λ8). Taking into account that 12λc12 = λbλcλb = 12λbλc = λbλc12 = 0,
{12, λb} = λb, {λb, λc} = 2dbceλe with b = 1, 2, 3, c = 4, . . . , 7, under such rotation, we obtain
Kc → cos(αb/2)Kb − 2dbce sin(αb/2)κe, (52)
which for infinitesimal local transformations reduces to the first equation of (50). Thus, taking into account that the
nonvanishing dbce = ±1/2 for b = 1, 2, 3, c, e = 4, . . . , 7, we conclude that setting αb = pi in (52) yields
PKK
O(4)∼ Sκκ (53)
consistently with (21) and (49).
The result (49), as it happened with (42) and (46), is valid only in the exact chiral restoration regime. Nevertheless,
we can take further advantage of the WI (21) also in the physical crossover regime, by writing that identity in terms
of the subtracted condensate defined in (48)
χκS(T )− χKP (T ) =
2ms
m2s − mˆ2
∆l,s(T ). (54)
Therefore, our analysis not only establishes the degeneracy of K − κ partners in this sector but provides a direct
way to measure the breaking of that degeneracy in the lattice through (54). This is another important result of the
present work. Recall that numerically, the value of ∆ls is reduced by one half at the chiral transition with respect to
the T = 0 value [4, 5]. The asymptotic K-κ degeneracy observed for lattice screening masses [35] is also consistent
with this conclusion. It must also be kept in mind that K−κ correlators can be connected as well by U(1)A rotations,
which infinitesimally read
δKa(y)/δα0A(x) = −
√
2/3δ(x− y)κa(x), δκa(y)/δα0A(x) =
√
2/3δ(x− y)Ka(x), (55)
with a = 4, . . . , 7. Under a general U(1)A transformation,
Kc → cos(αA)Kc − sin(αA)κc (56)
so that choosing αA = pi/2, we conclude:
PKK
U(1)A∼ Sκκ. (57)
Thus, in an ideal chiral-restoring scenario, (53) and (57) are consistent with our results in section III A where
O(4) and U(1)A restoration coexist, while, in the physical crossover case, the U(1)A restoring effects beyond chiral
restoration will also contribute to K − κ degeneration. In any case the degeneration would be parametrized by ∆l,s
through (54).
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D. Mixing angles
Our WI analysis also provides relevant conclusions regarding η− η′ mixing. For that purpose, we define the mixing
angle in the standard fashion, which will be enough for our present discussion. The mass eigenstates η and η′ are
defined from the flavor eigenstates η8 and η0 by
η = η8 cos θP − η0 sin θP ,
η′ = η8 sin θP + η0 cos θP , (58)
and so on in the scalar sector with the replacements θP → θS , η → f0(500) and η′ → f0(980). The mixing angles and
correlators are meant to be temperature dependent. By definition, the mixing angle θP (T ) is defined to cancel the
correlator
Pηη′ =
1
6
(2Pss − Pll − 8Pls) sin 2θP +
√
2
3
(Pll − 2Pss − Pls) cos 2θP = 0. (59)
where we have used the relation between the P0,8 and Pl,s correlators, as we did in section II.
A relevant limit is ideal mixing, sin θidP = −
√
2/3, so that η ∼ ηl, η′ ∼
√
2ηs. That limit is reached at T = 0 only
when the anomalous contribution to the η′ mass vanishes [38], formally achieved at Nc →∞ [12]. Thus, it is natural
to expect θP → θidP in the temperature regime where U(1)A is restored. This is consistent with the experimentally
observed reduction of the η′ mass at finite T [13] and with recent model analyses showing asymptotic ideal mixing at
finite T [23, 41].
Ideal mixing is actually an additional consequence of our present analysis. From (59), we get
θP = θ
id
P ⇔ Pls = 0, Pll − 2Pss 6= 0.
Therefore, our results (19), (39) support ideal mixing at O(4) × U(1)A restoration. Note that U(1)A degenerates
scalar and pseudoscalar partners through (41), so the mixing angle in the scalar sector σl,s degenerates with θP in
that regime.
Another limit that deserves some comments is θP = 0. From (59),
θP = 0⇔ Pll − 2Pss = Pls 6= 0.
Let us now consider the correlator combination appearing in the above equation from the point of view of the WI
considered in this work. Note that:
χllP − 2χssP − χlsP = −
1
mˆ
〈q¯q〉l +
2
ms
〈s¯s〉+ 2(mˆ−ms)(mˆ+ 2ms)
m2s
χ5,disc, (60)
where we have used (12), (13) and (19). It is plausible that (60) reaches small values around chiral restoration, since
−〈q¯q〉l (T ) and χ5,disc(T ) decrease and −〈s¯s〉(T ) smoothly increases. Actually, we plot this combination in Fig. 1c
using again the lattice data in [5]. The neat separation between O(4) and O(4)×U(1)A found in that work guarantees
χlsP 6= 0 around chiral restoration and hence a vanishing mixing angle regime. We see in Fig. 1c that there is actually a
θP (T ) ∼ 0 region close to chiral restoration, where the combination (19) develops a minimum. For higher T , θP moves
from zero to θidP asymptotically. Note also that (60) vanishes in the SU(3) limit, i.e. ms → mˆ and 〈s¯s〉 → 〈q¯q〉l /2,
consistently with θP → 0 for mK = mpi at T = 0 [38].
Moreover, in the intermediate region between O(4) and O(4)× U(1)A restoration, if both the combination in (60)
and χlsP happen to remain small, there would be an additional sign of partner degeneracy, namely 2Pss ∼ Sδδ and
2Sss ∼ Ppipi. These two identities are tested for the same lattice data in Fig. 1d, where they actually tend to degenerate.
However, if the susceptibility combination in Fig. 1c would keep on growing for higher T , the degeneracy in Fig.1d
would not be maintained.
E. Comments on the WI relating two and three point functions
The WI (22)-(31) provide constraints on specific model and lattice analyses of partner degeneracy. Thus, they
connect combinations of two-point functions (correlators and susceptibilities) corresponding to degenerate partners at
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O(4) and U(1)A restoration in the l.h.s, with three-point functions (vertices) in the r.h.s. Actually, as they are written,
the l.h.s of (22)-(26) should vanish at exact O(4) restoration, while the l.h.s of (27)-(31) should vanish at exact U(1)A
restoration, according to our analysis in sections III A and III C. The analysis of the r.h.s of those equations would be
then an additional tool to test the different partner and patterns discussed here in future lattice and model analysis.
In turn, note that assuming the pion bilinear normalization discussed in III B, the r.h.s of (22)-(27) would vanish at
strict O(4) restoration, which supports our results in the previous sections.
Just for illustration, let us also mention that the r.h.s of those equations could be related to meson scattering
processes. Although a meson Lagrangian relies on a low-energy description and hence may not be suitable to study
the transition region, it provides a rigorous way to parametrize meson interactions, which we will shortly employ here
to emphasize the possible role of scattering processes in the meson realization of the WI. A more detailed analysis of
those WI is left for future work. In particular, the coupling of the σl,s bilinears to an external scalar source in QCD is
expressed in a meson Lagrangian into the pipi, K¯K and ηη channels [42]. Therefore, the r.h.s. of identities (22) and (25)
are directly related to pipi → pipi, K¯K → pipi and ηη → pipi scattering, where the f0(500) is generated. Actually, the
role of this resonance for O(4) restoration has been recently emphasized in [36, 37]. Similarly, the r.h.s. of (23)-(24)
and (26) connect with the a0(980) and κ(800) resonances produced in piη(K¯K)→ piη and piK(piη)→ piK scattering,
respectively. The r.h.s of (27)-(31) include the effect of the η′, which couples through A(x) to the U(3) formulation
of the chiral Lagrangian [12]. For instance (27) can be expressed in terms of piη(η′) → piη(η′) and K¯K → piη(η′)
processes, all in the a0(980) channel. Note that the light chiral limit mˆ → 0+ of the r.h.s. of equations (22)-(31) is
in general nontrivial. For instance, at T = 0 χpiP = O
(
mˆ−1
)
and χlS = O (log mˆ) [2, 32], so the r.h.s. of (22) should
scale at least as 1/mˆ at zero temperature.
IV. CONCLUSIONS
In this work, we have performed an analysis based on Ward Identities of several quantities relevant for the under-
standing of the pattern of chiral symmetry restoration and the degeneration of the corresponding partners under O(4)
and U(1)A symmetries. In particular, our results lead to the vanishing of χ5,disc and the topological susceptibility
χtop in the region where O(4) partners are degenerated, pointing out for a O(4)× U(1)A restoration pattern. This is
a statement formally valid when O(4) restoration is exact and hence, approximately valid depending on the strength
of degeneration of chiral partners. In the physical case, massive light quarks and strange-quark mass contributions
(Nf = 2+1) may distort numerically this conclusion. Our results relate in a nontrivial way chiral and U(1)A restoring
quantities, both understood in the sense of partner degeneration, despite the difficulty to measure properly U(1)A
correlators. In connection with this analysis, we have checked, using Nf = 2 + 1 lattice results, that the thermal
scaling of χ5,disc and the subtracted quark condensate are close to one another, consistently with previous analysis.
In addition, for exact chiral restoration, our WI also predict K−κ degeneracy, which in the physical case is directly
linked to the subtracted lattice quark condensate. WI also imply additional U(1)A partner degeneracy for the ss
and ls sectors, the former being confirmed also using lattice data. Regarding the η − η′ mixing angle, our analysis is
consistent with ideal mixing at the O(4)×U(1)A transition. On the massive case, a vanishing pseudoscalar mixing is
expected if a sizable transient regime between O(4) and O(4)× U(1)A restoration takes place.
All these conclusions have been achieved by identifying relevant combinations of correlators from those WI and
studying in detail their symmetry transformation properties, which allows one for a model-independent analysis. In
addition, through additional new WI, we have provided useful results, testable in lattice simulations and in model
analyses, connecting partner degeneracy with specific meson vertices and processes.
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